Abstract. We give two widest Mehler's formulas for the univariate complex Hermite polynomials H ν m,n , by performing double summations involving the products
Introduction
The classical Mehler's formula [10, 11, 2] ,
2 n n! = 1 √ 1 − t 2 exp −t 2 (x 2 + y 2 ) + 2txy 1 − t 2 =: E t (x, y), (1.1) for the univariate real Hermite polynomials H n (x) := (−1) n e x 2 d n dx n (e −x 2 ), as well as its numerous versions are useful and have wide applications in many fields of mathematics and theoretical physics.
In the present paper, we deal with two kinds of generalizations of this formula to the class of the weighted univariate complex Hermite polynomials 
, with different arguments ν and ν , and generalizes (ν = ν = 1) the Mehler's formula given firstly in [13] (without proof) and proved in [8, Theorem 3.3] . In fact, it appears in [8] as a particular case of the so-called Kibble-Slepian formula [8, Theorem 1.1]. The proof, we present here is more direct and simpler. We also provide application for each obtained Mehler's formula. The first one (Theorem 3.3) concerns a closed expression of the Heat kernel function associated to a special magnetic Laplacian on the complex plane. The second application (Theorem 4.5) is an integral reproducing property of the univariate complex Hermite polynomials H ν m,n (selfreciprocity property) by a like Fourier transform. Curious and remarkable identities involving the univariate complex Hermite polynomials are also derived.
Preliminaries on the univariate complex Hermite polynomials
Notice first that for ν = 1, the polynomials in (1.2) are those introduced by Itô in the context of complex Markov process [9] , and next used as a basic tool in the nonlinear analysis of travelling wave tube amplifiers. They appear in calculating the effects of nonlinearities in broadband radio frequency communication systems [3] . Such class have been the subject of a considerable number of papers in the recent years (see for examples [6, 4, 8] and the references therein). The incorporation of the parameter ν in (1.2) is fairly interesting for its physical meaning. In fact, it can be interpreted as the magnitude of a constant magnetic field applied perpendicularly on the Euclidean plane. Below, we recall some needed results of these polynomials. We begin with the well-established fact ( [4] )
valid for every fixed positive real number µ > 0 and arbitrary complex numbers α, β ∈ C. Here dλ(ξ) = dxdy; ξ = x + iy ∈ C, denotes the classical Lebesgue measure on the complex plane C. Formula (2.1) is quite easy to check by writing ξ as ξ = x + iy; x, y ∈ R, and next making use of the Fubini's theorem as well as the explicit formula for the gaussian integral
Based on (2.1), we can reintroduce the class of univariate complex Hermite polynomials H ν m,n (z; z) by considering the integral representation ( [4] )
Here ν = Using this integral representation and the reproducing property (2.1), it is easy to obtain the following exponential generating function
The result (2.4) is well-known for the special case ν = 1 (see for example [12, 6] ) can also be obtained directly by means of (a) of Proposition in [6] , to wit
We conclude this section by recalling the following
The identity (2.6) is exactly Proposition 3.6 in [6] (when ν = 1) and appears as a particular case of Theorem 3.1 in [4] . Its proof follows making use of
as well as (2.5). Indeed, we get 
Proof
Therefore, the identity (3.1) follows making use of the well-known generating function for the Laguerre polynomials, to wit ([11, p. 135]):
As a particular case of Theorem 3.1, we have the following.
Corollary 3.2. The remarkable identity
holds true for every u, z ∈ C such that |u| < 1.
An interesting application of Theorem 3.1 is given when considering the Cauchy problem
associated to the self-adjoint magnetic Laplacian
acting on L 2,ν (C; e −ν|z| 2 dλ). In fact, we give a closed explicit expression of the Heat kernel function K ν (t; z, z 0 ) for the heat solution of (H). Namely, we assert
Theorem 3.3. For every t > 0, we have
Proof. Recall first that the expression of K(t; z, z 0 ) of a self-adjoint operator L is given by
where {e j } is a complete orthonormal system of eigenfunctions of L and the λ j are the corresponding eigenvalues (see [5] for example). In our case the Hermite polynomials H ν m,n (z, z) constitute an orthogonal basis of L 2,ν (C; e ν|z| 2 dλ) whose the square norm is given by
(see [9, 7, 1] ). Moreover, for varying nonnegative integer n, they are eigenfunctions of ∆ ν associated to the eigenvalue νm, to wit ∆ ν H ν m,n (z, z) = νmH ν m,n (z, z). Therefore, the heat kernel function
is given by the closed expression (3.3) thanks to (3.1) in Theorem 3.1 with w = z 0 and u = e −νt ∈ R such that e −νt < 1 (i.e., t > 0). 
valid for every u, v ∈ C such that uv ∈ R and νν uv < 1.
Proof. The proof of Theorem 4.1 can be handled easily starting from the right hand-side of (4.2). Indeed, making use of the integral representation (2.3) combined with the generating function (2.4), we obtain
Thus, under the condition 1 − νν uv > 0, the integral formula (2.1) can be applied to get (4.2). By specifying u, v, z and w in Theorem 4.1, we obtain interesting and curious identities involving the univariate complex Hermite polynomials.
Corollary 4.4.
(1) For z, w ∈ C and reals ν, ν > 0 such that νν < 1, we have
as well as
For every z ∈ C, ν > 0 and real λ such that λν < 1 we have
Proof. The identity (4.4) follows as by taking u = v = 1 in (4.2) with νν < 1, while (4.5) and (4.6) follow respectively by setting w = z and w = z in (4.2) with ν = ν and ν 2 uv < 1. The last identity follows by taking w = 0 and setting λ := −ν uv under the assumption that λν < 1, we see that (4. Proof. The identity (4.8) follows by multiplying the both sides of (4.2) by e ν |w| 2 H ν j,k (w; w) and integrating over C, keeping in mind the orthogonality relation as well as the formula (3.4) [2] ).
